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Definition Given a sequence {p,}in a metric space X , consider a sequence {n,}

of positive integers, such that n, <n, <n, <---. Then the sequence {p,} is called

a subsequence of {p,}. If {p,} converges, its limitis called a subsequential

limitof {p, }.

Note If {n} isasequence of positive integers such that n, <n, <n, <---, then
n =i, VieN.

Examples Let X =R.

1. The set of all subsequential limits of {(—1)”} is {1,-1}.

(<12, ifniseven.

2. Let a = , the set of all subsequential limits of {a,} is
-, if n is odd.
n
{1,-1,0}.
Questions :
1. If {p,} converges to p, is it true that every subsequence of {p,} converges to
p?

2. Suppose that every convergent subsequence of {p,} converges to p, is it true that
{p,} convergestop ?

Theorem
(@ If {p,} isasequence in a compact metric space X, then there exists a

subsequence of {p,} that converges to a point of X.
(b) Every bounded sequence in R* has a convergent subsequence.

Recall
Let X beametric space, E < X . If E is compact, then every infinite subset of E

has a limit point in E.
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Qutline of the proof :
(@) Let E be the range of {p,}.
(i) If E isfinite,then 3 p e E such that there are infinitely many terms that

take on the value p.Hence, 3 {n,} with n <n,<--- such that

Pp, =Pp, =--=P
(i) If E isinfinite, then E has a limit point p in X . Choose n, such that

d(p, p, ) <1, then we can choose n,>n, suchthat d(p,p, ) <%(Why ?).
Inductively, we get a subsequence {p, | such that

d(p, pnk)<%, VkeN.

(b) Let E be a bounded sequence in R, then 3 k-cell I suchthat Ec I .Since |
is compact, (b) follows from (a).

CAUCHY SEQUENCES

Definition Asequence {p,} inametric space X is said to a Cauchy sequence if
forevery >0 thereisan integer N suchthat d(p,,p,)<¢ if n>N and
m>N.

Examples

1. Let X =R, {E} is a Cauchy sequence that converges.
n

2. Let X=(0,1), {E} is a Cauchy sequence that does not converge.
n

Remarks
1. If {p,}is a Cauchy sequence in a metric X, then {p,} is bounded.

2. Inany metric space X, every convergent sequence is a Cauchy sequence.

Definition Let E be a subset of a metric space X, and let

S={d(p.a)|peE, qeE}.

If supS exists, then we say the diameter of E, denoted by diam E, is supS.
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Remarks

1. E isboundediff S={d(p,q)|peE, qeE} isboundedin R (why ?).
Thus, if E isbounded, then supS existsand diamE >0.

2. E isunbounded iff S={d(p,q)|peE, qeE} isunboundedin R.

Thus, if E isunbounded, then supS does not exists. In this case, we say
diamE =o0.

3. Let {p,}be asequence in a metric space Xand E, ={p;[i>n}.Then {p,} isa

Cauchy sequence if and only if

limdiam E, =0.

n—w

Theorem
(@) If E isthe closure of a set E in a metric space X, then
diam E =diam E.
(b) If K, isasequence of compact sets in X such that K, oK,
(n=12,3,...) andif

limdiam K =0,

n—oo

then ﬂ K, consists of exactly one point.
n=1

Theorem
(@) If Xis a compact metric space and if {p,} is a Cauchy sequence in X, then
{p,} converges to some point of X.

(b) In R, every Cauchy sequence converges.

Definition A metric space in which every Cauchy sequence converges is said to be
complete.

Examples

1. All compact metric spaces.

2. All Euclidean spaces are complete.

3. Every closed subset E of a complete metric space X is complete.
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