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Using Self-similarity to Find Length, 

Area, and Dimension 


James T.Sandefur 

As a high-school student many years ago, I saw my first application of self-similar- 
ity. Specifically, my teacher found the fractional equivalent of x = 0.33.. . by 
noticing that 

Solving gave that x = 1 / 3 .  In college, my mathematics professor observed that 
x = 0.999 . . . = 0.9 + 0 . 1 ~ .Solving for x showed that 

In teaching calculus, many of us have summed convergent infinite geometric series 
by letting x = 1 + r + r 2 + . . . = 1+ m and solving for x to get that 

The stratagem used above was to notice that the number x involves a fractional 
part of itself, and then use this self-similarity to develop an equation involving the 
number x.  This stratagem gives the sum of a convergent series, but does not prove 
that the series converges. 

Number theorists often use this technique to compute the limit of continued 
fractions. For example, let 

Solving gives that x = fi - 1. 
To motivate my students when teaching geometric series, I try to study models 

of situations in which a geomctric series arises naturally. One example that I 
started using was to generate spirals and then find their lengths and areas. One 
advantage to these problems is that the algebraic observation described above 
becomes graphically obvious. Another advantage is the derivation of series involv- 
ing roots and trigonometric functions. Another example in which series arise is the 
computation of the area of fractals. This article will study the interplay between 
these examples of series and the little algebraic trick seen above, as well as show 
how this algebraic use of self-similarity can motivate the concept of fractal 
dimension. 

A term needed in the following sections is scaling factor. Specifically, suppose a 
side of one figure is of length L and the corresponding side of a second similar 
figure is of length 1. Then the scaling factor of the second figure to the first is 
defined to be 

p = 1/L. 



LENGTHS OF SPIRALS. In Figure l(a) is an equilateral triangle with sides of 
length one. The midpoints of each side are connected to form an inscribed 
equilateral triangle. The midpoints of each side of the inscribed triangle are 
connected giving another inscribed equilateral triangle. The process is continued, 
giving a series of nested equilateral triangles. Half of one side of each triangle is 
highlighted, forming a spiral. What is the length of this spiral? 

Figure 1. Figure l(a) is a spiral inside an equilateral triangle with sides of length 1. Figure 
l(b) is formed by deleting the outer triangle from Figure l(a). 

Erasing the original outer triangle and rotating the remaining figure gives 
Figure l(b). Note that this second figure is similar to the original, except the sides 
are of length 0.5. Thus the scaling factor of the second figure to the first is 
p = 1/2. Let S and s represent the lengths of the spirals in Figures l(a) and (b), 
respectively. Since Figures l(a) and (b) are similar, the length of the spiral in 
Figure l(b) is half the length of the spiral in Figure l(a), that is, s = 0.5s. But the 
spiral in Figure l(b) resulted by deleting the first branch of the spiral in Figure 
l(a), that is, S = s + 0.5. Substitution gives that S = 0.5s + 0.5, so S = 1. Thus, 
we have found that the spiral in Figure l(a) is the same length as one side of the 
original equilateral triangle. 

Let's connect this geometric approach to finding the length of a spiral to the 
algebraic one in the Introduction. Note that the length of the spiral is also given by 
the infinite geometric series S = 0.5 + 0.52 + 0 S 3  + . . . , and we obtain the same 
equation, that is, 

S = 0.5 + 0 S 2  + 0 S 3  + . . . = 0.5 + OS(O.5 + 0 . 5 ~+ . . . )  = 0.5 + 0.5s. 
For the next example, divide each side of a unit square into two parts of lengths 

a and b, where a + b = 1.Connect the division points, forming a new square with 
sides of length 

h = d Z - P .  
Divide each side of this new square into 2 parts of length ah and bh and connect 
the division points. Continue dividing the sides of the new squares into the 
proportions of a to b, giving Figure 2(a). The a portion of one side of each square 
is highlighted, giving the spiral in that figure. As before, delete the outer square, 
giving a similar figure, Figure 2(b), with outer sides of length h = \iai,which 
is the scaling factor between the two figures. 
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Figure 2. Figure 2(a) is a spiral formed inside a square with sides of length one. Figure 2(b) is 
formed by deleting the outer square from Figure 2(a). 

If we designate the length of the spirals as S and s, as before, then the 
relationship implied by being similar figures is s = hS = J=s. But since the 
larger spiral is made up of the smaller spiral and part of a side of the outer square, 
we have S = s + a. Substitution gives S = MS+ a and solving gives 

Using the facts that 1 - a2 - b2 = 2ab and a = 1 - b gives 

This answer could also be obtained by generating the geometric series for the 
length of the spiral. 

Letting b = 1 / 2  gives a spiral of length 1 + awhich is also the perimeter of 
the outer corner triangle. An interesting exercise is to explain geometrically why 
these lengths are the same. 

Solving for b in terms of S gives 

with a = 2S(S - 1)/(2S2 - 1). If you want to generate a spiral of length S = 2, 
substitution gives that b = 3/7 and a = 4/7. In fact, if S is an integer, than the 
numerators of a and b, together with 2 s 2  - 2 s  + 1 form Pythagorean triples. 

Letting b go to one gives a smooth spiral of length 1, the length of a side of the 
original square. The interested reader might try to develop a differential equation 
for the limit curve and find the solution curve. 



An interesting geometric series arises in finding the length of spirals constructed 
in regular n-gons. The idea is to connect the midpoints of each of the sides of the 
n-gon, generating an inscribed n-gon. Repeating this procedure generates a 
sequence of inscribed n-gons. Connect half of one side of each n-gon to generate a 
spiral. See the pentagon in Figure 3 for one example. 

Figure 3. A spiral formed inside a regular pentagon. 

Recall that the exterior angle of an n-gon, that is, the angle between the 
extension of one side of the n-gon and an adjacent side of the n-gon, is 0 = 27~/n. 
Connect the midpoints of the sides of the original n-gon to obtain a similar n-gon. 
Suppose the sides of the original n-gon are of length L. Each of the new sides 
form the base of an isosceles triangle with two sides of length L/2, and with base 
angles that are rr/n, half the exterior angle. See Figure 4 where n = 5. Simple 

Figure 4. A pentagon with the exterior angle and the base angles of an isosceles triangle 
marked. 
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trigonometry gives that the length of the sides of the inscribed n-gon is 
1 = L cos(.rr/n). 

Because the length of a side of the smaller n-gon is cos(.rr/n) times the length of 
a side of the larger n-gon, then the scaling factor of the inscribed n-gon to the 
outer n-gon is p = cos(.rr/n). 

Let S represent the length of the spiral resulting from constructing inscribed 
n-gons and connecting one side of each. See Figure 3 for example. Erasing the 
outer n-gon, say the outer pentagon in Figure 3, gives a similar figure with scaling 
factor cos(.rr/n). Denote the length of the spiral in this figure as s. Thus, 

But the second spiral is just the first spiral with the first edge removed, that is, 
S = L/2  + s .  

Thus, the length of the original spiral is 

Note that we have only computed the infinite geometric series 
00 


An interesting problem is to find the length of a spiral determined by consecu- 
tively inscribed n-gons which are constructed by dividing each side of the previous 
n-gon in the proportions of a to b and connecting consecutive points, as was done 
for the square. 

AREA OF SPIRALS. To compute the area of a spiral, you only need to remember 
that if two figures are similar with scaling factor p ,  then their areas are related 
by p2.

When considering the inscribed regular n-gons, shade one corner of each 
inscribed figure instead of just one line. This has been done for the pentagon in 
Figure 5. Let A represent the area of this spiral. Erase the outer n-gon giving a 
new, similar figure with scaling factor cos(r/n). Call the area of this spiral a. Then 

Figure 5. A spiral inside a regular pentagon. 
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Simple computations give that the area of the deleted triangle is 

T = (L2/4) sin(?r/n) cos(.rr/n) . 
Since A = T + a, we can solve and find that the area of the spiral is 

This problem could again be done by summing the geometric series 
m 

A simple observation indicates that the n-gon is made up of n of these spirals. 
Thus a bonus from our calculations is that the area of a regular n-gon with sides of 
length L is 

n ( ~ ~ / 4 )cot( .rr/n) . 
A simpler approach to computing the area of regular n-gons is to construct only 
one inscribed n-gon and then use the same method, relating the two areas using 
similarity, but noticing that the difference between the two areas is the area of the 
n triangles in the corners. You can also compute the length of the diagonals of 
regular n-gons by using the similarity between the original regular n-gon and the 
inscribed n-gon. You must consider two separate cases: when n is even and when 
n is odd. 

AREA OF THE KOCH SNOWFLAKE. Many readers are familiar with the Koch 
snowflake. To construct one side of the Koch snowflake, draw a line of length L.  
Then construct an equilateral triangle on the middle third of the line and erase the 
base of the triangle. Repeat this process on each of the four line segments. Keep 
repeating this process on the smaller line segments; the limit is the Koch curve. Do 
this for each side of an equilateral triangle with sides of length L; the figure 
bounded by the three Koch curves is the Koch snowflake, seen in Figure 6. 

Figure 6. A Koch snowflake formed about an equilateral triangle with sides of length L. 
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One method for finding the area of the Koch snowflake is to construct the 
geometric series that sums the areas of all the equilateral triangles that are 
constructed at each stage of the generation of the Koch curves. 

Let us find the area of the Koch snowflake by using the self-similarity of the 
Koch curve. There are two areas to be determined. The first is the area of the 
equilateral triangle with sides of length L .  This is 

A = , 5 L 2 / 4 .  
The second is the area between the triangle and the Koch curve. Figure 7(a) is a 
magnification of the region bounded by one side of the triangle and the Koch 
curve. Call its area x .  Then the area of the Koch snowflake is 

A + 3 x .  

Figure 7. Figure 7(a) is the Koch curve formed on one side of the equilateral triangle in 

Figure 6. Figure 7(b) is one part of Figure 7(a). 


There are two parts to finding the area x.  The first part is to compute the area 
of the equilateral triangle in the middle. Since it is similar to the original 
equilateral triangle, but with sides whose lengths are one-third the original, the 
scaling factor is 1 / 3  and the area of the triangle is therefore 

( 1 / 3 1 2 ~=A / 9 .  
The second part is to find the area of the four congruent parts around the 

triangle, one of which is given in Figure 7(b). Denote the area of the region in 
Figure 7(b) by y .  Then we have that 

x =A / 9  + 4 y .  
Now use self-similarity. The region given in Figure 7(b) is similar to the region in 
Figure 7(a), but with a scaling factor of one-third. Thus the area of the region in 
Figure 7(b) is one-ninth the area of the region in Figure 7(a); that is, 

y = x / 9 .  
Substitution gives that 

x = A / 9  + 4 y  =A / 9  + 4 x / 9 .  
Solving for x gives 

x =A / 5 .  
Thus, the area of the Koch snowflake is 

I have found this approach to be much simpler and more satisfying than the 
algebraically messy method of computing the geometric series for the area of the 
Koch snowflake. As word of caution, when generating a fractal, such as the Koch 
snowflake, the first, second, third and so forth, iterates, are not self-similar. Thus, 
this technique cannot be used to find the length or area of the approximates to the 



fractal. For more details about the Koch snowflake, see Sandefur [3], Peitgen et al. 
[2], and Peak and Frame [I]. 

VARIATIONS ON THE KOCH SNOWFLAKE. A variation on the construction of 
the Koch snowflake is to construct an equilateral triangle with sides of length L, 
then divide each side in the proportions p :  q : p ,  where p + q + p  = 1 and 
2 p  > q. Construct an isosceles triangle on the middle line segment of each side 
with the two equal sides being the same length as the two outer portions of the 
line; that is, of length pL. Erase the base of the isosceles triangle. Repeat this 
process on each of the four line segments. Keep repeating this process and the 
limit figure is a variation on the Koch snowflake. Figure 8 is one such curve where 
p = 0.26. Figure 9 is another variation with p = 0.4. 

Figure 8. A Koch snowflake in which each side was divided in the proportions 
0.26 :0.48 :0.26. 

Figure 9. A Koch snowflake in which each side was divided in the proportions 0.4 :0.2 :0.4. 

USING SELF-SIMILARITYTO FIND LENGTH,AREA, AND DIMENSION [February 114 



There are two parts to computing the area of this Koch snowflake variation. 
The first is to observe that the area of the equilateral triangle is A = a L 2 / 4  as 
before. The second is to find the area bounded by the Koch-like curves and the 
triangle. Letting x represent. the area bounded by one side of the equilateral 
triangle and the Koch-like curve, we again have that the area of the snowflake is 

A + 3x. 
To find x, there are again two parts. The first part is to compute the area of the 

isosceles triangle, which reasonably simple calculations give as 

gL2,i-
T =  

4 
The second part is to find the area of each of the four congruent parts around the 
isosceles triangle. Denote the area of one of these regions by y. Then as before 
x = T + 4y.  We note that each of the four smaller regions is similar to the region 
bounded by the Koch-like curve and one side of the equilateral triangle, but with a 
scaling factor of p. Thus, 

y =p'x. 

Substitution gives x = T + 4y = T + 4 ~ ' xor that 

x = T / ( 1  - 4 p 2 ) .  

But 1 - 4p2 = (1 - 2p) ( l  + 2 p )  = q(2 - 9 )  so 

The area of the Koch snowflake variation is 

In Figure 10 is another variation of the snowflake. This is the same construction 
as in Figure 8, but cut out of the triangle instead of built on. This construction can 

Figure 10. A Koch snowflake where the sides were divided in the proportions of 
0.26 :0.48 :0.26 and the Koch-like curve was constructed inside the equilateral triangle. 



be done for 1/4 <p < 1/3. The area of the snowflake is then A - 3x instead of 
A + 3x. 

THE AREA OF A SKYLINE. Construct a line of length 1. Divide it into the 
proportions of p,  :p, :p, (going from left to right) where p,  + p, +p, = 1. 
Construct a square on the middle portion. Now divide each of the three horizontal 
line segments into the same three proportions and construct squares on the middle 
portions. Figure ll(a) is the fractal that is the limit of this process when p ,  = 0.3, 
p, = 0.5, and p, = 0.2. One problem is to find the area A of this "skylineH-type 
figure. 

Figure 11. Figure l l(a) is a skyline in which each horizontal line is divided in the proportions 
of 0.3 :0.5 :0.2 with a square constructed on the middle segment. Figure l l(b) consists of 3 

parts of Figure ll(a), each of which is similar to the original. 

To find A, find the area of the square under the dotted line, which is p i ,  and 
the areas of regions 1, 2 and 3, seen in Figure ll(b). Denote the areas of regions 1, 
2, and 3 by a,, a,, and a,, respectively. Then 

A = p l  + a, + a, + a,. 

Region j is similar to Figure ll(a) with scaling factor pj, j = 1, 2, and 3. Thus, 

aj =p ; ~ ,  j = 1,2,3.  

Substitution gives 

FRACTAL DIMENSION. Our knowledge of similarity tells us that the lengths of 
similar 1-dimensional figures with scaling factor p are related by p lL  = I .  Also, 
when comparing 2- and 3-dimensional similar figures with scaling factor p ,  their 
corresponding areas and volumes are related by p2A = a and p3V = v, respec-
tively. More generally, the measures of two similar d-dimensional objects are 

116 USING SELF-SIMILARITYTO FIND LENGTH, AREA, AND DIMENSION [February 



related by 

where p is the scaling factor. 
The Koch-like curve of Figure 8 is relatively smooth. As p gets larger, the 

Koch-like curves get more "curvy", which can be seen in Figures 6 and 9, 
respectively. At some point does the Koch-like curve become so curvy that it is 
actually 2-dimensional? To investigate this, let's try to find the measure M (or 
length if 1-dimensional) of the Koch curve seen in Figure 7(a). In Figure 7(b) is a 
portion of the Koch curve of Figure 7(a). By actually placing the curve in Figure 
7(b) onto four different parts of the Koch curve of Figure 7(a), it is clear that the 
measures of the curves are related by 

where m is the measure of the curve in Figure 7(b). The scaling factor relating the 
two is p = 1/3. Therefore, if the Koch curve is 1-dimensional, the measures or 
lengths should be related by 

Likewise, if the Koch curve is 2-dimensional, the areas should be related by 

The relationships M/4 = m and M/3 = m jointly imply that M = or M = 0. 
As a 1-dimensional measure, the length of the Koch curve is infinite, which can be 
seen by computing the divergent geometric series for the length of the curve. 
Likewise, the relationships M/4 = m and M/9 = m also imply that the area of 
the Koch curve is zero or infinity. In this case, the area is zero. 

There is a third possible explanation. The Koch curve may have nonzero, finite 
measure when considered as a d-dimensional object, where 1< d < 2. In trying to 
find the measure of the boundary of the Koch snowflake, we observe that 
(1/4)M = =m, but by similarity, ( I / ~ ) ~ M  m. If the measure M is nonzero and 
finite, then the dimension d must satisfy 

to 2-decimal-place accuracy. This is only a heuristic argument to indicate that 
fractional dimension may make sense. In fact, this approach can help lead to a 
workable definition for fractal dimension. 

Let's use this procedure to find the dimension of the boundary of the Koch 
snowflake variation where the initial line is divided in the proportions of p :q :p. 
Consider the Koch-like curve which borders one side of the equilateral triangle. In 
what dimension d is the measure M of this curve nonzero and finite? To answer 
this question, observe that this curve is made of 4 identical curves, all of which are 
similar to the original curve with a scaling factor of p. Note that p = 0.26 in 
Figure 8 while p = 0.4 in Figure 9. Denote the measure of each of the four smaller 
curves by m. Then (1/4)M = m since the large curve is made of 4 copies of the 
small curve. 

Suppose that the Koch-like curve is d-dimensional. Since the scaling factor 
relating the large curve to its parts is p, then 
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Since M is nonzero and finite, the dimension d must be such that 1/4 = pd, or 
d = log 0.25/log p where 0.25 I p I 0.5. 

Thus, the curve in Figure 8 has dimension d = 1.03, while the curve in Figure 9 
has dimension d = 1.51, both to 2-decimal-place accuracy. 

The previous relationship could be written as 

g = (0.25)"'~'. 
Thus, substituting any dimension d, between 1 and 2, into this formula, we can 
find a p value that gives us a snowflake variation whose boundary is that 
dimension. For example, letting d = 1.5, we get that p = 0.397, to 3-decimal-place 
accuracy. 

Graphing either p = (0.25)('Id) or d = log0.25/log p using a graphing calcula- 
tor or computer graphing program with 0.25 5 p I 0.5 and 1I d I 2 demon- 
strates that the dimension d varies continuously from 1to 2. 

This process can easily be used to determine the dimension of other fractal 
figures. Figure 12(a) is the Sierpinski triangle which is constructed by repeatedly 
connecting midpoints of all equilateral triangles left and deleting the middle 
triangle. To find the measure M of what is left, redraw one of the corners, which is 
seen in Figure 12(b). Denote its measure by m. Since Figure 12(b) can be placed 
on Figure 12 (a) exactly 3 times, we see that 

(1/3)M = m. 

Figure 12. Figure 12(a) is the Sierpinski triangle. Figure 12(b) is one corner of the Sierpinski 
triangle, which is similar to the original. 

But the base of Figure 12(b) is half the base of Figure 12(a) so the scaling factor is 
p = 0.5. This means, by similarity, that 

( 1 / 2 l d ~= m .  
If the measure M is nonzero and finite, then 

to 3-decimal-place accuracy. 
As a last example, let's construct and find the dimension of the generalized 

Sierpinski carpet. Construct a square with sides of length 1. Divide each side into 
the proportions of p : q :p where 2 p  + q = 1. Keep the squares in the four 
corners whose sides are of length p. Repeat this process on each of the remaining 
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Figure 13. The generalized Sierpinski carpet in which strips that are 10percent the width of 
the square are removed from the middle of each square, both horizontally and vertically. 

Figure 14. The generalized Sierpinski carpet in which strips that are 50 percent the width of 
the square are removed from the middle of each square, both horizontally and vertically. 

four squares. The limit to this process is the generalized Sierpinski carpet. Figure 
13 is the generalized Sierpinski carpet with p = 0.45 while Figure 14 is the 
generalized Sierpinski carpet with p = 0.25. The term, Sierpinski carpet, usually 
refers to the case in which p = 1 / 3 .  

Denote the measure of the generalized Sierpinski carpet by M. Note that the 
generalized Sierpinski carpet is composed of 4 equal parts, each of whose measure 
we will call m. Thus, 

( 1 / 4 ) M  = m .  

Also, each of these parts is similar to the whole, with scaling factor p.  Thus, if the 
region is d-dimensional, then each corner is related to the whole region by 

For the measure M to be nonzero and finite, then 

log 0.25 
pd = 0.25 or p = ( 0 . 2 5 ) " ~ ~ )or d = -, 

log P 

In Figure 13 in which the scaling factor is p = 0.45, the generalized Sierpinski 
carpet has dimension d = 1.74. Graphing either the function p = (0.25)(' /d)or the 



function d = log 0.25/log p shows that the dimension varies continuously from 0 
to 2 as the scaling factor p varies from 0 to 0.5. In particular, letting d = 1gives 
that p = 0.25, which is seen in Figure 14. 

Does it make sense that Figure 14 is 1-dimensional? A heuristic argument that 
it does make sense is the following. The first step to constructing Figure 14 leaves 
four squares, with sides of length 1/4. The upper 2 squares can be moved into the 
gap between the lower 2 squares, giving a rectangle with sides of length 1and 1/4. 
The second step leaves 16 squares with sides of length 1/16. Note that these 16 
squares can be rearranged similarly to form a rectangle with sides of length 1 and 
1/16. Thus, after n steps, the 4" squares can be rearranged to form a rectangle 
with one side of length 1 and the other of length (1/4)". Thus, the rectangles 
approach a line of length 1. 

The reason we did not include a picture of a generalized Sierpinski carpet with 
dimension less than 1 is that the resulting figure is much the same as Figure 13, 
except that you don't see as much because the "squares" are too small. 

This approach can also be used to find that the dimension of the Cantor set, in 
which the middle q is removed from each line segment, is 

d = log 0.5/log p. 

Note that this is half of the dimension of the generalized Sierpinski carpet. This 
makes sense since the generalized Sierpinski carpet is the Cartesian product of two 
Cantor sets. 
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