§4-3 & §4-5 1™ and 2" Derivatives and Curve Sketching

s £ f" 4o f mAH 4

1. f'(x)>0 on(a,b)=fisincreasingon(a,b).

2. T'(x)<0 on(a,b)=fisdecreasingon(a,b).

concave up (C.U.)on(a,b)
S B Rt .
f' isincreasingon(a,b)

< f"(x)>0 on(a,b).

concave down (C.D.)on (a,b)
S B arRT S
f' isdecreasingon(a,b)

o f"(x)<0 on(a,b).

= ~ Inflection point : the point at which concavity is reversed.(* # 2b)
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2 ~ 1% Derivative Test :

f'=0= f(c) is local an min.

c

% c is a critical point.

f'=0= f(c) is local an max.

c

% c is a critical point.

f (c) is neither an min nor an max.

or - -

7 ~ 2" Derivative Test :
c : critical point
1. f"(c)>0=1(c) : local min ("." & c e7*qtiT > fis C.U.)
2. f"(c)<0=>f(c) : local max ("." & ¢ =i*tit » fis C.D.)

3. f'"(c)=0=The test fails.

For example : f(x)=x% f"(0)=0= f(0) is neither a min nor a max.

B2 i <8Rt S TR



= ~ Curve Sketching :

1. Intercepts 2. Symmetry 3. Asymptotes
4. Local extrema 5. Inflection points

Example 1 : Sketch the function f(X)=2-15x+9x*—x>.

Solution :

f(X)=2-15x+9x* = x> =—(x = 2)(X* = 7x+1)

f'(x) =—15+18x—3x* = -3(x-5)(x—1)

* Critical points : x =1 and 5.

" + -
! }
3
X 0 1 3 5
y 2 -5 0 11 27
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(5,27)

(3.11)

R“

\/

(15'5)

2 1
Example 2 : Sketch the function f(x)=x3(6-x)3.

Solution :

PN o PN B 0 P
f(x)_3x (6—x) 3x (6—x)
:%x3(6—x)3(2(6—x)—x)

2

= x’é(e—x)’5(4—x)

* Critical points : x =0, 4 and 6.

fr—

1 2

f"'(x) :—%x_g (6—x)_§ (4—x)+§x_; (6—x)_§ (4-x)—x 3(6-x) 3

4 5

:%x_3 (6—x) *[- (6—x)(4—X) +2x(4 - x) —3x(6 - )]
-8

4 5

x5(6— x)5
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£ | | = f(0) = 0 is a local min.
0 6
5
f(4) =23 isalocal max.
X 0 4 6
y 0 2 0
(6,0)is an inflection point.
yn 3
(4,2%)
©.0)] 60)

Example 3 : Sketch the function f(x)=xe™.

Solution :

f'(x)=e“—xe™
=e " (1-x)

* Critical point : x =1,
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f'(x)=—-e"1-x)—e™"

=—e"(2-x)
1 .
= f (@) == is local max.
e
- +
‘f‘ﬂ
2
2, . . : .
(2,e—2) is an inflection point.
X 1 2
1 2
y e o2

v

3

Example 4 : Sketch the function f(x) = 2X
X“+1
Solution :
x® X
=f(x)= =X-
y=1 x> +1 x> +1
=Slant asymptotic : y = x.
6
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)

X3 (X2 +3)
(0= (x? +1)°

* Critical point : x=0.

- +
r :
0
F1(x) = = 2x(x22— 3)(;(2 +1)
(x*+1)
" + _ | + [
f | | |
~3 0 J3

gl 38 | o | 38
4 4
yl\
(0,0) X
7
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Example 5 : For what values of c is the function f(x)=cx+ 21 3 increasing on

x? +
(—00,0) ?
Solution :
2X c(x® +3)* —2x
f'(x)=c- =
(x* +3)° (x* +3)°
Hope : find ¢ > 0 s.t. c(x2+3)2—2x>0c>c—%>0
(x“+3)
2X , -6(x* -1)
Let gX)=———=0'(X) =—0—~
I0= g~ 90 = e gy

Fla g HATRE - limg(x) =0 "

= the max of g is g(l):%.

= If c>%,then c(x* +3)*—2x>0 forall xe (—oo,).

= f'(x)>0 forall xe (—w,x).

% 313 1. What happens when ¢ =% ?
2. What happens when ¢ < % ?
8
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