§3-10 Linear Approximations and Differentials
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! :f""?«jﬁ ; ® Ax =dx=initial error.
! ' ® Approximate error =dy = f'(a)dx.
,//_/' ® Exacterror=Ay = f(a+Ax)— f(a).
' ® dx and dy are called differentials.
a atAx - X
Ax=dx
k o 58

1. Ay~dy=f'(a)dx when Ax=dxis small.
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2. L(x)=y=f(a)+ f'(a)(x—a)= f(a)+dy is the linear approximation or

tangent line approximation of f at a.
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lim( f ()= L(x)) =0.

(=:i=f(X)-L(X)|>0,as x—>0.)
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Example 1 :

(i). Find the linearization of f(X)=+/X+3 ata=1.

(i1). Use (1) to approximate +/3.98 and +/4.05.

Solution :

f'(x)=%(x+3)_2 = f'(l):%

= L(x)=f()+ f'(l)(x—l):2+i(x—l).
J3.98 ~ 2+i(0.98—1) =1.995.

v4.05 ~ 2+%(1.05 -1)=2.0125.

X | From L(X) | Actual value
V3.9 09 |1.975 1.97484176. ..
J3.98 0.98 | 1.995 1.99499373. ..
J4 1 2 2.00000000. ..
J4.05 1.05 | 2.0125 2.01246117...
Va1 1.1 |2.025 2.02484567...
NG 2 2.225 2.23606797...
J6 3 2.5 2.44948974. .

Example 2 : The radius of a sphere was measured and found to be 21 cm with a
possible error in measurement of at most 0.05 cm. What is the
maximum error in using the value of radius to compute the volume of

the sphere? (Use differential to estimate such maximum error.)

Solution :
VL
3
= v _ 4ar’
dr

= dV =4zr’dr = 47(21)°(0.05) = 277 cm’.
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Example 3 : Approximate In(1.05).
Solution :
Let y=Inx

=>dy = % = —0'05 =0.05
X 1

=1In(1.05) = In1+ 0.05 = 0.05.

Example 4 : Suppose that the only information we have about a function f is that
f(1)=5 and the graph of its derivative is as shown.

(a) Use a linear approximation to estimate f (0.9) and f (1.1).

(b) Are your estimates in (a) too large or too small? Explain.
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Solution :
Let L(X) be the tangent line of f (x) at x = 1.
=>LX)=f)+ f'DHxX=-1)=5+2(x-1)

[ fO9)=5+20-0.=48
f(1.1)~5+2(0.1)=5.2.
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Since f'(x)>0and f''(x)<0 whenever X is real, we have that the graph

of f (X) near x = 1 may looks like the following :

L(x)
J(x)
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The tangent line lies above the curve. Thus, the approximations in part (a)

are too large.
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